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Effective Kahler potential and extra space-time dimensions
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The effects of extra space-time dimensions on the Wilsonian effectiiteKpotential and the perturbative
one loop effective Kaler potential are determined within the framework of an Abelian gauge theoryNvith
=2 supersymmetric field content. The relation between thilétametric and the effective gauge couplings
which leads to the absence of radiative corrections to thielefgotential is expressed as a function of the
radius of compactification of a fifth dimension. In general, the quantum corrections to the low endrgy Ka
potential are shown to grow with this radius reflecting the underlying higher dimensional nature of the theory.
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PACS numbgs): 11.10.Kk, 11.30.Pb

[. INTRODUCTION tant with these is the tower of Kaluza-Kle{K-K) field ex-
citations whose masses are integer multiples of the inverse
As a consequence of the large degree of symmetry presenompactification radiuR. In models wherd is the order of
in supersymmetric theories, the form of their low energythe inverse Planck scale or smaller, the K-K modes uncon-
Wilsonian effective actions is highly constrained. For in- sequentially decouple from the low energy physics. On the
stance, wherN=1 SUSY is combined with the required other hand, for radii much larger than the inverse Planck
holomorphic dependence on the fields and parameters of scale, low energy physics can be considerably affected by the
model, the superpotential can be completelpon-  propagation of fields into the large radii extra dimensions. At
perturbatively determined even in the presence of stronglythe very least, theories formulated in higher dimensions tend
interacting gauge field§l]. Furthermore, for extendetl  to have a more divergent short distance behavior which leads
=2 supersymmetric theories, the entire low energy actiorio the breakdown of renormalizability. Thus an ultraviolet
can be constructed in terms of a single holomorphic prepoeutoff A is necessary for a consistent interpretation of such
tential. As in theN=1 superpotential case, this prepotentialfield theories. For large compactification radiR>1, the
is exactly determined using the symmetries, holomorphicityK-K modes with mass below the cutoff can effect the low
and duality properties of the model in quest{@). The sim-  energy physic§5—9]. The resulting theoretical and phenom-
plestN=2 gauge theory consists of ah=1 U(1) gauge enological consequences include, for example, the possibility
superfieldV and its neutral chiral and antichiralp super-  ©Of introducing[10—-13 a consistent and calculable mecha-

field N=2 partners. In terms of thegé=1 superfields, the nism of supersymmetry breaking and/or communicating the
low energy effective action has the form supersymmetry breaking between different four dimensional

boundarieg14,15 and could also be instrumental in the de-
. 1 o scription of the strong coupling limit of string theof¥6]. In
Ineole. e, V]= —( f dV[ F(@)e—Fle)e] addition, their influence on the running of the gauge coupling
8 and its effect on the scale of unification has been investigated
[17]. It has even been suggested that they could lead to pos-
+ EJ dSF (@) W*W,, sible experimentally accessible modifications to gravitational
interactions in the millimeter randd 8.
1 — _ — . In four dimensions, the general low energy action con-
—Ef dSF@((p)W@W“)- (1.)  taining terms through two space-time derivatives foNa
=1 supersymmetric theory with thé=2 field content of an
Abelian gauge superfield and a neutralanti-)chiral field

Here subscripts denote differentiation with respect to tha% ) has the form
¢) ¢,

variable so that, for examplef;,=dF/d¢. The chiral f|eld

strength is defined by W,=—iDDe 2D e?" 1

:DDD,V with a similar definition for the anti-chiral F[(p,(p,V]Zf dVK(e,)+ Ef dSfo)WW,
field strength.Wa——lDDD V. The holomorphic prepo-
tential 7(¢) then determines the Kier potentialK (¢, ¢) N %f dg(Z)V_V&V_Vé%J dSA o)

=Im(F,(¢)¢) and hence the Kder metricg(¢,¢)=K,,
=ImF,, as well as the effective gauge couplings:

Fpor Fag- The self-radiative corrections to this genekal +f dSP(@HKf dvv. (1.2
=2 supersymmetric Abelian gauge theory action were found

to vanish[1,3,4].

Extra compact space dimensions are a common attributdere the Kaler potential K (¢, ¢), the effective gauge cou-

of many currently proposed fundamental theories. Concomiplings, f(¢) and f((p) and the superpotential®(¢) and
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5K1—Ioop: - @I

(9K—2K 1 K,—(1— )oK 1|
Zi ~2K=(1=7)eK, = (1= y)eK,+ g—in

of o of - —
s =2wf—(L=mef, —=2nf-(1-y)ef;

P(¢), are arbitrary, unrelated functions of their respective+f, then the anomalous dimension of the chiral field van-
arguments. The linear i Fayet-lliopolous term has an ar- ishes and the Wilson renormalization group equationkfor
bitrary coupling constantx, which as a consequence of reduces to that of naive scaling. There are no radiative cor-
gauge invariance is necessarily field independent. Indepemections to the Wilson effective action.
dent radiative corrections vanish for the superpotential in One can also compute the corrections using ordinary per-
accord with the non-renormalization theorem in this topo-turbation theory. The one loop correction to the dimension-
logically trivial model. Likewise, the Fayet-lliopolous term less effective Khler potential is found to be simply given by
has no independent additive radiative corrections. Hence
each of these terms remain zero if they initially vanish. Fi- g
nally, while the effective gauge couplingge) and f(e) n it (1.9
also remain uncorrected, the Kar potential does receive
radiative corrections. Setting the Fayet-lliopolous terms tojyst as was the case in the WRGE analysisNke2 super-
zero, these quantum effects are given by the Wilson renor- . LT .
— symmetric relationg=f+f leads to no one-loop radiative
malization group equatior®VRGE) [19-21 for K, f(f) and  correctiong 1,24—28.
P(P) as[3] The purpose of this paper is to determine the effects of an
extra compact dimension on the supersymmetric Wilsonian
g% effective action as well as its effects on the perturbative one-
T loop effective action. Starting with aN=1 SUSY theory
f+f with a compact fifth dimension and Fourier expanding the
— fields over the circular fifth dimension results in the four
dimensional theory with thil=2 SUSY field content of the
above described zero mode fields, ¢, and ¢, as well as
the infinite tower of massive K-KN=2 SUSY multiplets,
P — —_— {Vn, &én, &n}, for n any non-zerapositive and negatiye
5_t:3p_(1_7)‘PP<p? E:3P_(1_7)¢’P$v integer. The resultant four dimensional action can thus be
(1.3  Written as an expansion in powers of the K-K tower fields as

where all quantities have been made dimensionless by scal- -
ing with the loop momentum cutoff, so that, for example F:Zb L'y (1.7
K—K/A? and ¢— ¢/A. The result was obtained using the

R, gauge fixing action term HereT', contains zero mode fields only. Due to momentum

L conservation in the direction of the fifth dimensidf,=0,
rJlV]= gf dvDDVDDV (1.4 while I', contains 2 K-K tower fields, and so on. We seek to
construct the Wilson renormalization group equation for the

and included all graphical contributions through two spaceZ€ro mode field actionI'o[V,¢,¢] after inclusion of the

time derivatives and arbitrary powers of the fields. In thisradiative effects of K-K towers. In addition, the perturbative

simple Abelian model, the gauge fixing parameteeceives ~©One loop radiative corrections 1d, will be calculated.

no radiative corrections nor contributes to the other func- N both cases, the quantum corrections arise from the self-

tions. radiative contributions from’y as well as from radiative
Since the fields are rescaled according to their wave funceorrections ofl’; to I'o. In either case, the form df; is

tion renormalization in order to maintain a canonical kinetic'eduired for th? determlnatlo_n Of_ the quantum corrections. In

energy term as the short distance degrees of freedom afecomplete Wilson renormalization group analysis, the evo-

integrated out of the theory, the chiral field anomalous di-ution of I'; is determined by itself anfi, and in turnl’, is

mensiony can be found by evaluating the renormalizationdetermined by contributions frorig and so on. Similarly,
— higher order perturbative contributions 10, come from

T i hoon Mt umbersof K overfldsn e acton. Since such
anomalous dimensiony, , is secured using the renormaliza- an infinitely iterative proced_u_re is beyond our calculat_lonal
i } — ) means, we must make additional assumptions regarding the
tion group equation fof and f evaluated at zero field®  form of thel'y andT', actions before we can proceed. First
=0= ¢ along with the normalizationfl ,_o=3=f|,_o. So  of all, we neglect all higher derivative terms than those ap-
doing, one finds thay,=0 and pearing in the kinetic energy. This constitutes the next to
leading order in a derivative expansion of the action and
_ L _ allows for the determination of the anomalous dimensions. It
2y=- W[gw_gwgsﬁf«’ elle=0=¢- (1.5 thus constitutes an improvement beyond the local potential
approximation[22] which is possiblg 23] because the ki-
If the initial choice of Kaler potential and effective gauge netic terms arise from a Kder potential. Thus fol’,, we
coupling satisfies tha&N=2 supersymmetric relatiog= f use Eq.(1.2) without the Fayet-lliopoulos term«(=0). A
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similar form is assumed for thié, action except that explicit Here the dimensionless mass coefficientdsP, . P—, with
compactified radius dependent mass terms are included ¢y the value of the dimensionless mass A4

- : parameter at zero
the N=2 K-K tower fields. Thus we take field, r (0)=r|,_o-,. The effective gauge couplings and su-

+ oo

L perpotential remain uncorrected and their Wilson renormal-
r,= > [JdV[g(¢,qo)¢n¢n+ M2V,V_,] ization group equations are once again given in equation
e (1.3). The sum over the K-K modes may now be performed
1 yielding
+j d%zf((P)Wana"'mn((P)d’nd’n} 9K

— =2K—(1-y)eK,~ (1-y)eK,

1— . o ot
+ f d%_f(ﬁo)wn&wan_*'mn( )ﬁbn(an
4 1 I sinj mR\g?+r] sint[ 7R]
(1.8 +—In — o
8 SiN{ 7RV1+1(0)] ginkf sRV + f

The K-K vector field mass term is given bylz=n?/R? [ ]
while the K-K (anti-) chiral field mass term igm,(¢) 2.2
=n/R—iP_] my(¢)=n/R+iP,,, where n==1, — , i
+2, ... +x. The form of the actiorl’, corresponds to a Whereg andf, f have been normalized at zero field to be 1

radical truncation of all generally possible terms. It has the?nd 1/2, 1/2, respectively. _
property that all modes have the same, isotropic four dimen- The four dimensional limitR—0, reproduces the Wilson
sional action coefficients. Even in the lariBdimit, it is only ~ renormalization group Ed1.3) obtained previously. FoR
the terms with momentum in the fifth dimension that are>1, the Wilson renormalization group equation férre-
treated anisotropically. Of course, this is by no means a jusduces to

tification of the truncation which can only be achieved by a

detailed analysis of the compactification of the more funda- oK —

mental SUSY theory involved. This is quite a lengthy task EZZK_(l_ V)K= (1= 7oKy

and is beyond the scope of this present investigation.

. 27R =
II. THE WILSON EFFECTIVE KA HLER POTENTIAL + 1672 [ \/gz-i- r—2vf+f—yi1+r(0)+2].
T
The Wilson renormalization group equation governing the
evolution of the zero mode Kder potential is determined by 2.3
integrating out the degrees of freedom with momentum in an_ ) ,
infinitesimal four dimensional shell about(t)=e 'A. Al- This can be recast by further rescaling the fields and the

though we are summing over all K-K modes in this shell Kahler potential according to their five dimensional engi-

those with mass above the scalét) decouple. As the sum neering  dimensions, ¢— ¢/\27R, ¢—¢/\27R, K
over these modes takes place, the action is rescaled accord-(1/27R)K, as
ing to the wavefunction renormalization of the fields. Fixing

the zero field metric at the scale(t) to its canonically nor- K 3 3 —

malized value of oneg|,-o-,=1, and further rescaling all E‘3K— > Y| eKem 5Ty oKy
dimensionful quantities by the appropriate factors /of

needed to render them dimensionless, the Wilson renormal- 1 =

ization group equation for the zero modéHer potential is + 16772[\/92“—2 Vi+f—y1+r(0)+2].
obtained as

(2.9

K —
—=2K—(1- K,—(1- K,
at (1=7)eK,m(1=y)eK, This result can also be obtained directly in five dimensions

by integrating over the fifth dimension momentum variable

2 . . .
g2+ n rather than performing a Fourier series.
1 R2 For R+0, the radiative corrections to the Klar potential
1672 n” Inl { =72 do not, in general, vanish at the four dimensiomé 2 re-
mon=T (f+f_)+ n- lation between the metric and effective gauge coupling.
I R? Rather one finds that, with=0, the logarithm on the right
5 o - hand side of Eq(2.2) vanishes resulting in no radiative cor-
1+ n_2 rection to the Khler potential K, provided
RZ
2| 2.9 sin{ 7R]sin{ 7Rg] 25
1+r(0)+ — == .
©) R?/ | sinff[wRVf+1f]
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4
p —
ot~ (2ygmReoti 7Rg))p— (1= v)ep,— (1= 7)ep,
TR PePy
+8—Coﬂ'[7'ng] Poo— a 2.7
1 Note that the anomalous dimension of the chiral fielgs,
g 7 "\ Trivial Fixed Point can be expressed in terms fas
7 Lo
0 rfo/’/ | | 2')’: - 87T2[p§0(p_pcpp(p] o
0 1 2 _3 4 ¢=0=¢
f+f 1
_ ——— &, &6 2.8
FIG. 1. The relation betweemandf + f resulting in the absence 8772[§‘P‘P Eotel o 28
of radiative corrections for various compactification radii. ¢=0=¢

For small¢, g is slightly off the fixed relation no radiative
When this condition is satisfied, the Wilson renormalizationcorrection curve. Hence, writing=gy+ Ag, whereg, sat-
group equation yields the naive scaling equation for thdsfies the no radiative correction condition, and expanding

Kahler potential. Eqg. (2.5 yields
The four dimensionaN=2 relation between metric and
effective gauge couplings that leads to the absence of radia- Ag= tani 7R go] ¢ 2.9
tive corrections ig= (f + f), which is also thdR— 0 limit of mR '
Eq. (2.5. In Fig. 1, we plot the relation betweemn and f _ H uti s aiven b
+f for different compactified radiiR, values which leads to Using Eq.(2.9), the evolution of¢ is given by
no radiative corrections. We see that, due to the exponential
de_pendenc_e ok, the no radi_ative _correction_ condition —§=—(p§ __§_+ W—RCOtl’[’]TRgO]
quickly deviates from the four dimensional relation and rap- ot 2
idly approaches the five dimensional relation. Ferf>1, X[ €go— ok sl o=0 ;]Jro(gz)_ (2.10

the values forg lie on top of the five dimensional values

within the resolution of the figure foR=1, 2, 10. Forf g the theory flows into the |nfrared>0 the values of the
+f<1, the curves foR=0, 0.1, 0.2 essentially coalesce scaled fieldsp—e '¢ and g—e ¢ become small and all

while those forR=1, 2, 10 have differing behavior from quantities can be expanded in low powers of the fields. Thus
each other and from the four dimensional result. In generalior t>1, é¢—0 exponentially according to the naive dimen-

for fixed f+ f, the radiative corrections vanish for smalger ~Sion of the power of the fields,

values than that of the four dimensional case and even take o o
— - ~t —t -2ty .

on exponentially small valueg~27Re "R(f+f), in the §~z19€ 7108 Hzyppe T P o

strong gauge coupling limit whefr+ f<1. (211

Being a trivial theory in four and above dimensions, theyence all renormalization group trajectories flow towards the
zero radiative correction line is an attractive relation betweeng radiative correction relation as the theory evolves into the

g andf+f in the sense that the renormalization group flowinfrared, and they meet at the single trivial fixed point of the

in the (g,f,f) space tends towards the no radiative correctiortheory,g=1 andf=3 —f ast—x. (Generally we are con-

line, reaching it in the infrared at the single trivial pot  sidering f#0#f. For f=0=f, the trivial infrared fixed
=1 andf———f This can be seen by considering the evo-point is simplyg=1. On the other hand i§=0, then the

lution of the ratio action consists only of a free vector superfieie; 1/2=1.)

ll. THE PERTURBATIVE EFFECTIVE KA HLER

p=1+ f= S'”WWR]S'”WWE@ 2.6 POTENTIAL
sint[ wRVf+f] Similar conclusions can also be drawn from a one loop
perturbative analysis of the model given by the action ob-
tained by combining Eq.1.2) with k=0 and Eq.(1.8). The
where £|,_o_,=0. Applying the Wilson renormalization one loop correction to the dimensionless effectivehiéa
group equation$2.2) and(1.3) gives potential is found to be
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FIG. 3. Kgfective S @ function ofe for compactification radii
R=0,50,100,150,200. Note that tle=0 curve is simply the tree
expression foK, Eg. (3.5).

n

FIG. 2. The one loop radiative corrections to thehléa poten-  This vanishes Wheg_zx/f +i4 1=0, which is the identi-
tial for g andf+f values from 0.1 to 2.0 and for compactification cal result as was obtained in the Wilson renormalization
radi R=0,1,2,5. HereKy o= —16720K140p. The darkened group equation analysis. On the other hand, it should be

solid line is the no radiative correction relation. noted that the relation betweenand f +f for no radiative
corrections in this perturbative case differs slightly from that
1 (1 obtained in the Wilson renormalization group analysis for
J' déin
0

K1 100p= ~ moderate values dR. As seen in Fig. 2, the one loop con-

16m tributions to the Kaler potential increase rapidly with in-
. I . creasing compactification radi&s Indeed, for large radii the
sinhaRvg“§+r sinf? WR\/E quantum corrections are proportional ® Already for R
sinhmRV&+1, sint? 7R /(f+f—)§ values of order 1 there are substantial deviations from the

R=0 result. This is readily seen by the shape of the curve on
3.9 each surface cgresponding to the perturbative relation be-

- tweeng and f+f for the absence of radiative corrections.
whereg, f, f andr are specified dimensionless tree actionThis 6Ky.0,=0 curve is displayed as the darkened solid
terms while the integral is over the four dimensional momendine in the figure. The grid spacing on the surface corre-
tum below the cutoffA, now scaled to 1. The fifth dimen- sponds to 0.2 changes gnandf + f while the shading of the
sion K-K modes’ propagation has been completely summedurface corresponds to changes of 3 in the valu& Qfqp
over in the loop. = —16m25K 1 jo0p- FOrR=0, theK y o0, Surface is fairly flat,

In the four dimensional limitR— 0, with r=0, the mo-  going from a minimum of-3 to a maximum value of-3,
mentum integral can be explicitly performed to yield the corresponding to fairly small radiative correctionsktoAs R
expected resuf24-2§ increases to 1, thiy 4, Values range from-4.79 to 5.67

while for R=2, theK1_,0p Spread in values is from7.9 to

1 g 10.2. Thus the range ik o, Values increases aR in-
8K 500p= = 5 In| —=., (3.2  creases. FOR=5, the now quite substantial radiative correc-
167 f+f tions result in theK,_,,, Surface ranging from a minimum of

—18.3 to a maximum oft24.8.
which vanishes for thél=2 SUSY relationship between the ~ The effects of large compact dimensions on thenlke

metric and the effective qauae counlin f+7. For the potential can be further demonstrated by considering an ex-
case of a noncompact fif?h dgi]mensip gﬁ; the :sum over plicit tree level potential. In general, the radiative corrections

. - : are small due to the 1/%6 loop factor. As the size of the
K-K modes again becomes an integral over the spatial mo-

mentum coniuaate to the fifth dimension vieldin extra dimension becomes the inverse of this order, however,
Jug y 9 the loop corrections become comparable with the tree level

expression for the Kaer potential. For example, consider

5K 1100p 1 (1 (+=dk | (g2+k?)(E+K?) the N=2 SUSY holomorphic prepotentig in four dimen-
27R 32772J0 dgﬁm Eln [(f+f_)§+k2]2 sions given by
i ia
1 = Flo)==(1-2a)¢?+ —(1+bg?)In(1+be?),
__ [g-2i+f+1]. (33 (@)=5( Jo ™+ 4 (1+be)In(1+Dbe?)
4872 (3.9
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wherea andb are arbitrary parameters. The tree levehiea
potential derived from this is simply

K(e,@)=IM(F,0)=¢e[l+aln(1+be?)(1+be?)]

(3.5
while the associated metric is
9(@.@)=1+aln[(1+be?)(1+be?)]
2 -2
1 2ab| —2 LA 3.6
1+bg? 1+be?

Choosing the effective gauge couplirfgandf_to be related
to the metricg according to theN=2 SUSY relationg=f
+f, there are no radiative corrections to thehika potential

in four dimensions. Taking=1=b, the one loop effective
Kahler potential

PHYSICAL REVIEW D60 025005

Keffective™ K+ 5K1—Ioop

(3.7)

is plotted in Fig. 3 for various values of the scalar fields, now
taken as real and equal= ¢. As expected, wheR reaches
the order of 16r2, the loop corrections to the Kier poten-

tial are qualitatively different than the tree level values even
for modest values of the fields. Note that as the scalar field
strength continues to increadgeyond that shown in the fig-
ure), the effective Kaler potential is dominated by its tree
value: Kegrective™ ¢ ¢ IN(¢@). This follows since the 1-loop

radiative correction t& goes agy and hence as lgfp).
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